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Notation

d(G) ≡ the number of generators of G

G ∗ H ≡ the free product of G and H

IG ≡ Augmentation Ideal of G

pr(G) = d(G)− d(IG) (the “presentation rank")
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Theorems and Conjectures

Grushko-Neumann Theorem: If H1 and H2 are finitely
generated, then d(H1 ∗ H2) = d(H1) + d(H2)

Profinite Grushko-Neumann Conjecture: If H1 and H2 are
profinite groups, then is d(H1 q H2) = d(H1) + d(H2)?

Bret Benesh An Example of Counting Generators in Finite Groups



Introduction
Motivation

Magma/GAP-friendly Tool
Results

Theorems and Conjectures

Grushko-Neumann Theorem: If H1 and H2 are finitely
generated, then d(H1 ∗ H2) = d(H1) + d(H2)

Profinite Grushko-Neumann Conjecture: If H1 and H2 are
profinite groups, then is d(H1 q H2) = d(H1) + d(H2)?

Bret Benesh An Example of Counting Generators in Finite Groups



Introduction
Motivation

Magma/GAP-friendly Tool
Results

Solution to the Profinite Grushko-Neumann Conjecture

Ribes and Wong (1989): TFAE

1 For any pair of topologically finitely generated profinite
groups H1 and H2: d(H1 q H2) = d(H1) + d(H2)

2 For any pair of finite groups H1 and H2: there exists a finite
group G with G = 〈H1, H2〉 and d(G) = d(H1) + d(H2).

False if G is solvable

False if pr(G) = 0
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More on Kovács, Sim, and Lucchini

Actually...

1 There are s groups H1, . . . , Hs such that d(Hi) ≤ r ,
2 gcd(|Hi |, |Hj |) = 1 for all i , j ,
3 and G = 〈H1, . . . , Hs〉 with pr(G) = 0

Then d(G) ≤ r + s − 1

Also true if pr(G) > 0?
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Main Conjecture

Special Case:
Conjecture: Let P be a p-group and Q be a q-group for distinct
primes p, q, and suppose d(P) ≤ d and d(Q) ≤ d . Then for all
finite groups G such that G = 〈P, Q〉, G is (d + 1)-generated.
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P(G, s) is born

(P. Hall): φ(G, s) = |{(g1, . . . , gs) ∈ Gs : 〈g1, . . . , gs〉 = G}|

(Boston, Mann): P(G, s) = φ(G,s)
|G|s

Equivalently:

P(G, s) =
∑
H≤G

µ(H)|H|s

|G|s
=

∑
H≤G

µ(H)

|G : H|s

Bret Benesh An Example of Counting Generators in Finite Groups



Introduction
Motivation

Magma/GAP-friendly Tool
Results

P(G, s) is born

(P. Hall): φ(G, s) = |{(g1, . . . , gs) ∈ Gs : 〈g1, . . . , gs〉 = G}|
(Boston, Mann): P(G, s) = φ(G,s)

|G|s

Equivalently:

P(G, s) =
∑
H≤G

µ(H)|H|s

|G|s
=

∑
H≤G

µ(H)

|G : H|s

Bret Benesh An Example of Counting Generators in Finite Groups



Introduction
Motivation

Magma/GAP-friendly Tool
Results

P(G, s) is born

(P. Hall): φ(G, s) = |{(g1, . . . , gs) ∈ Gs : 〈g1, . . . , gs〉 = G}|
(Boston, Mann): P(G, s) = φ(G,s)

|G|s

Equivalently:

P(G, s) =
∑
H≤G

µ(H)|H|s

|G|s
=

∑
H≤G

µ(H)

|G : H|s

Bret Benesh An Example of Counting Generators in Finite Groups



Introduction
Motivation

Magma/GAP-friendly Tool
Results

Subgroup Lattice for Dihedral Group of Order 8
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P(G, s) =
∑
H≤G

µ(H)|H|s

|G|s
=

∑
H≤G

µ(H)

|G : H|s
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So P(D8, s) = 1+ −1
2s + −1

2s + −1
2s + 0

4s + 0
4s + 2

4s + 0
4s + 0
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8s

P(D8, s) = 1 − 3
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P(D8, s) = (1 − 2
2s )(1 − 1

2s )

Bret Benesh An Example of Counting Generators in Finite Groups



Introduction
Motivation

Magma/GAP-friendly Tool
Results

Subgroup Lattice for Dihedral Group of Order 8

D8
1

Z
ZZ

�
��

C2 × C2
-1






J
J

b
b

bb

C2 × C2
-1






J
J

"
"

""

C4
-1

C22C2
0

H
HHHH

C2
0

@
@

C2
0

�
�

C2
0

�
����1 0

So P(D8, s) = 1+ −1
2s + −1

2s + −1
2s + 0

4s + 0
4s + 2

4s + 0
4s + 0

4s + 0
8s

P(D8, s) = 1 − 3
2s + 2

4s

P(D8, s) = (1 − 2
2s )(1 − 1

2s )

Bret Benesh An Example of Counting Generators in Finite Groups



Introduction
Motivation

Magma/GAP-friendly Tool
Results

Subgroup Lattice for Dihedral Group of Order 8

D8
1

Z
ZZ

�
��

C2 × C2
-1






J
J

b
b

bb

C2 × C2
-1






J
J

"
"

""

C4
-1

C22C2
0

H
HHHH

C2
0

@
@

C2
0

�
�

C2
0

�
����1 0

So P(D8, s) = 1+ −1
2s + −1

2s + −1
2s + 0

4s + 0
4s + 2

4s + 0
4s + 0

4s + 0
8s

P(D8, s) = 1 − 3
2s + 2

4s

P(D8, s) = (1 − 2
2s )(1 − 1

2s )

Bret Benesh An Example of Counting Generators in Finite Groups



Introduction
Motivation

Magma/GAP-friendly Tool
Results

Facts about P(G, s)

P(G, s) = P(G/Φ(G), s)

If N / G, then P(G, s) = P(G/N, s)P(G|G/N, s)

G solvable if and only if P(G, s) =
∏

(1 − ci

qni
i

)

P(G, s) = φ(G,s)
|G|s , so φ(G, s) = |G|sP(G, s)
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Examples of P(G, s)

P(C2, s) = 1 − 1
2s

P(Cn, s) =
∏

p|n, p prime

(1 − 1
ps )

P(A4, s) = (1 − 2
2s )(1 + 2

2s )(1 − 1
3s )

P(A5, s) = 1 − 5
5s − 6

6s − 10
10s + 20

20s + 60
30s − 60

60s

P(S5, s) = P(C2, s)P(A5, s)
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Main Conjecture

Conjecture: Let P be a p-group and Q be a q-group for distinct
primes p, q, and suppose d(P) ≤ d and d(Q) ≤ d . Then for all
finites groups G such that G = 〈P, Q〉, G is (d + 1)-generated.

(Dalla Volta and Lucchini): Minimal counterexamples:

Lt = {(l1, . . . , lt) ∈ Lt : l1 ≡ · · · ≡ lt (mod M)}

for some group L with unique minimal normal subgroup M.

M = Sn, S simple nonabelian

L/M ∼= Lt/M t , so L/M is (d + 1)-generated
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Main Theorem

Conjecture: Let P be a p-group and Q be a q-group for distinct
primes p, q, and suppose d(P) ≤ d and d(Q) ≤ d . Then for all
finites groups G such that G = 〈P, Q〉, G is (d + 1)-generated.

Main Theorem: Let G ∼= Lt be a minimal counterexample to this
conjecture. Then either d(L/M) = d + 1 or L/M is nonsolvable.
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Sketch of Proof

Generic Lemma: Let G be solvable and k generated. Then
P(G,k+1)

P(G,k) ≤ |G|ε.

Generic Proof: Induct on |G|.

For |G| ≥ 120, use theoretical bounds based on the
factorization (G is solvable).

For |G| < 120, use Magma to check all groups individually.
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Sketch of Proof

Once we have those lemmas, we combine them to get:

Lemma: Let M = Sn. Then P(L/M,d+1)
P(L/M,d) > f (n, S, d).

Sketch of Proof: Find upper and lower bounds for
P(L, d + 1)

Main Theorem Let G ∼= Lt be a minimal counterexample to
this conjecture. Then either d(L/M) = d + 1-generated or
L/M is nonsolvable.

Sketch of Proof: Suppose d(L/M) ≤ d and L/M solvable.
Show that we contradict the lemma above.
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L/M is nonsolvable.

Sketch of Proof: Suppose d(L/M) ≤ d and L/M solvable.
Show that we contradict the lemma above.
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Thank you!

Questions?

Bret Benesh
College of St. Benedict

St. Joseph, MN
bbenesh@csbsju.edu
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