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Clair Miller 1952

Let G be any group.

0 −−−−→ H2(G) −−−−→ G∧G
κ′

−−−−→ G′ −−−−→ 1

Miller wanted to give a group theoretic interpretation of the second

homology group with integral coefficients.

The wedge product captures the universal commutator relations so that

the kernelH2(G) measures the extent that the commutator relations fail to

be a consequence of the universal commutators relations, inparticular

[x,x] = 1, [x,y][y,x] = 1, x[y,z] = [x, [y,z]][y,z] and[xy,z] = x[y,z][x,z].

The wedge product is the nonabelian exterior square ofG.
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R. Keith Dennis (1976 Unpublished)

0 −−−−→ J2(G) −−−−→ G⊗G
κ

−−−−→ G′ −−−−→ 1




y





y

∥

∥

∥

0 −−−−→ H2(G) −−−−→ G∧G
κ′

−−−−→ G′ −−−−→ 1

Dennis extends Miller’s work in his preprint “In Search of New

‘Homology’ Functors Having a Close in Relation toK-Theory”.

He was interested in the group we labelJ2(G) as a generalization of the

homology groups that meets someK-theoretical conditions.

The tensor product is called the nonabelian tensor square.
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Brown and Loday (1987)

Brown and Loday introduce the nonabelian tensor product of two groups

that act compatibly on each other and by conjugation on themselves.

If we take the compatible actions to be conjugation we can define the

nonabelian tensor square.

The groupJ2(G) is isomorphic to the third homotopy group of the

suspension of an Eilenberg-MacLane space.
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Brown and Loday (1987)

A covering groupĜ of a groupG is a central extension

1 −−−−→ H2(G)
ι

−−−−→ Ĝ −−−−→ G −−−−→ 1

such that imageι is contained inĜ′.

Corollary 1. Let G be a group. If H2(G) is finitely generated then

G∧G∼= Ĝ′.

Polycyclic groups are finitely generated and hence have finitely generated

Schur multipliers.

Let G = Fn/RwhereFn is the free group of rankn be a polycyclic group.

The exterior square ofG can be found by computing the derived subgroup

the free central extension

Fn/[Fn,R]

which is a covering group ofG.
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Brown and Loday (cont.)

Exact rows and central extensions as columns.

0 0




y





y

H3(G) −−−−→ Γ(Gab) −−−−→ J2(G) −−−−→ H2(G) −−−−→ 0




y





y





y

0 −−−−→ ∇(G) −−−−→ G⊗G −−−−→ G∧G −−−−→ 1




y

κ




y κ′




y

0 G′ G′





y





y

1 1
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Variation of the diagram

Exact rows and central extensions as columns.

0 0




y





y

0 −−−−→ ∇(G) −−−−→ J2(G) −−−−→ H2(G) −−−−→ 0
∥

∥

∥





y





y

0 −−−−→ ∇(G) −−−−→ G⊗G −−−−→ G∧G −−−−→ 1




y

κ




y κ′




y

0 G′ G′





y





y

1 1
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Possible configurations of the diagram

These do not need to hold always.

0 0




y





y

H3(G) −−−−→ Γ(Gab) −−−−→ ∇(G)×H2(G) −−−−→ H2(G) −−−−→ 0




y





y





y

0 −−−−→ ∇(G) −−−−→ G∧G×∇(G) −−−−→ G′×H2(G) −−−−→ 1




y

κ




y κ′




y

0 G′ G′





y





y

1 1
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Brown and Loday (cont.)

Given a groupG we define the nonabelian tensor squareG⊗G as the

group generated by the symbols

g⊗g′ for all g,g′ ∈ G

subject to the relations

gg′⊗h = (gg′⊗ gh)(g⊗h)

g⊗hh′ = (g⊗h)(hg⊗ hh′)

wherexy = xyx−1.

The presentation above exhibits the universal properties of the nonabelian

tensor square, but it does not reflect its group structure very well.
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Brown, Johnson and Robertson (1987)

The investigation of this group construction from a group theoretic view

started with a paper by Ronald Brown, David Johnson, and Edmund

Robertson (1987).

The goals of their investigation include:

• Compute the nonabelian tensor square for a givenG. That is, give a

description ofG⊗G that is simplified and easy to recognize.

• Determine the structure ofG⊗G from the structure ofG.

• Compute homomorphisms ofG⊗G.
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Structure Results

If G is finite thenG⊗G is finite.

If G′ is nilpotent of classc thenG⊗G is nilpotent of class at mostc+1.

If G′ is solvable of derived lengthl thenG⊗G is solvable with derived

length at mostl +1.

If G is polycyclic thenG⊗G is polycyclic.

The nonabelian exterior square has these properties as well.
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Computing the tensor square

For a finite groupG, the definition gives us a finite presentation ofG⊗G.

We can apply Tietze transformations to this presentation toobtain a

simplified presentation ofG⊗G. We can then examine this simplified

presentation to determine (in a more standard way) what the tensor square

is.

Brown, Johnson, and Robertson (1987) compute the nonabelian tensor

square of all nonabelian groups up to order 30 using Tietze

transformations. The definition of the nonabelian tensor square gives|G|2

generators and 2|G|3 relations.

This method does not scale well.
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Infinite Groups

In the Brown, Johnson, and Robertson paper, they define the concept of a

crossed pairing. LetG andL be groups. We call the mapping

Φ : G×G→ L

a crossed pairing if for allg,g′,g′′ ∈ G:

Φ(gg′,g′′) = Φ(gg,gg′′)Φ(g,g′′)

Φ(g,g′g′′) = Φ(g,g′)Φ(g′g,g′g′′).

This mapping lifts to a homomorphismΦ∗ : G⊗G→ L such that

Φ∗(g⊗g′) = Φ(g,g′) for all g,g′ ∈ G.
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Infinite Groups (cont.)

We have the commutative diagram.

G⊗G

G×G L

..............................................................................................................................
..
...
.....

..
.
.
.
.
.
.
.
.
.
.

φ∗

........................................................................................................................................................................................................

.....
..
..
..
.

φ

..............................................................................................................................
.
.
.
.
.
.
.
.
.
.

..
..
...
.....

Crossed pairings give a method for computing the nonabeliantensor

square of infinite groupsG.

1. Conjecture a groupL.

2. Construct a crossed pairingΦ : G×G→ L.

3. Show theΦ∗ is an isomorphism.
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Free Nilpotent groups of Class2 of finite rank

The free nilpotent of class 2 case was settled by Bacon (1994):

Theorem 2. LetNn,2 be a free nilpotent of class2 group of rank n. Then

Nn,2⊗Nn,2 is isomorphic to the free abelian group of rank

n(n2 +3n−1)/3.

This result was proved using crossed pairings.

Checking to see if one has a crossed pairing and that the lift is an

isomorphism is relatively straightforward since the nonabelian tensor

square is abelian.
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2-Engel groups

The next logical step would be to compute the nonabelian tensor square

of the free nilpotent groups of class 3.

A reasonable intermediate step was the class of 2-Engel groups i.e.

groups that satisfy the law[[x,y],y] = 1. Free 2-Engel groups of rank

greater than 2 are nilpotent of class 3.

The free 2-Engel group of rank 2 is the free nilpotent of class2 group of

rank 2.

Corollary 3. The nonabelian tensor square of the free2-Engel group of

rank 2 is isomorphic to the free abelian group of rank6.

The free 2-Engel groups of rankn > 2 are metabelian, nilpotent of class 3

andγ3(G) has exponent 3. Every 2-generator subgroup is nilpotent of

class 2.
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Free 2-Engel groups of rank 3

Denote the free 2-Engel group of rankn byE(n,2).

The nonabelian tensor square of the free 2-Engel group of rank 3 turns out

not to be abelian.

The Burnside groups of exponent 3 and rankn is a finite homomorphic

image of the free 2-Engel group of rankn.

We found, using a program from Graham Ellis, thatB(3,3)⊗B(3,3) was

isomorphic to

N×A

wereA is an elementary abelian 3-group of rank 11 andN is a nilpotent of

class 2 group of exponent 3.
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Free 2-Engel groups of rank3 (cont.)

The groupE(3,2) has a polycyclic presentation hence every element has

a unique collected form.

Let g andg′ be arbitrary elements ofE(3,2) generated byg1, g2, andg3.

Then

g =gα1
1 gα2

2 gα3
3 [g1,g2]

β1,2[g1,g3]
β1,3[g2,g3]

β2,3[g1,g2,g3]
γ1,2,3

g′ =g
α′

1
1 g

α′
2

2 g
α′

3
3 [g1,g2]

β′1,2[g1,g3]
β′1,3[g2,g3]

β′2,3[g1,g2,g3]
γ′1,2,3

where theαi , α′
i , βi, j , β′

i, j are integers andγi, j,k andγ′i, j,k are integers

modulo 3.

We define a multiplication and conjugation formulas (as Hall

polynomials) for elements in this group.
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Free 2-Engel groups of rank 3 (cont.)

For example:

g·g′ = g
α∗

1
1 g

α∗
2

2 g
α∗

3
3 [g1,g2]

β∗
1,2[g1,g3]

β∗
1,3[g2,g3]

β∗
2,3[g1,g2,g3]

γ∗1,2,3

where

α∗
1 =α1α′

1, α∗
2 = α2α′

2, α∗
3 = α3α′

3

β∗1,2 =β1,2 +β′1,2−α1α′
2, β∗1,3 = β1,3 +β′1,3−α1α′

3,

β∗2,3 =β2,3 +β′2,3−α2α′
3, and

γ∗1,2,3=γ1,2,3 + γ′1,2,3 +β2,3α′
1 +β1,2α′

3−α′
1α2α3

+α′
1α′

2α3−α′
1α2α′

3 mod 3
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Computing the nonabelian tensor square ofE(3,2)

An arbitrary generator ofE(3,2)⊗E(3,2) is g⊗g′ can be represented as

gα1
1 ·gα2

2 ·gα3
3 · [g1,g2]

β1,2 · [g1,g3]
β1,3 · [g2,g3]

β2,3 · [g1,g2,g3]
γ1,2,3⊗

g
α′

1
1 ·g

α′
2

2 ·g
α′

3
3 · [g1,g2]

β′
1,2 · [g1,g3]

β′
1,3 · [g2,g3]

β′
2,3 · [g1,g2,g3]

γ′1,2,3

where theαi , α′
i , βi, j , β′

i, j are integers andγi, j,k andγ′i, j,k are integers

modulo 3.

We use the relations of the tensor square to expand this arbitrary generator

(similar to commutator expansion) into a product of elements in

E(3,2)⊗E(3,2).

xy⊗z= (xy⊗ xz)(x⊗z)

x⊗yz= (x⊗y)(yx⊗ yz)
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Computing the nonabelian tensor squareE(3,2)(cont)

Each term of this expansion product has one of the following forms:

gαi
i ⊗g

α j

j

gαi
i ⊗ [g j ,gk]

β j,k , gαi
i ⊗ [g

α j

j ,gαk
k ],

[g
α j

j ,gαk
k ]⊗gαi

i , [g j ,gk]
β j,k ⊗gαi

i

gαi
i ⊗ [g j ,gk,gl ]

γ j,k,l , gαi
i ⊗ [[g j ,gk]

β j,k ,gαl
l ],

[g j ,gk,gl ]
γ j,k,l ⊗gαi

i [[g j ,gk]
β j,k ,gαl

l ]⊗gαi
i

[gi ,g j ]
βi, j ⊗ [gk,gl ]

βk,l

[gi ,g j ]
βi, j ⊗ [g j ,gk,gl ]

γ j,k,l , [g j ,gk,gl ]
γ j,k,l ⊗ [gi ,g j ]

βi, j

This expansion product has hundreds of terms in it and was done
symbolically using GAP. This is possible sincen is fixed at 3.

We then collected these terms which gives Hall polynomials for
exponents of each term.
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Computing the nonabelian tensor squareE(3,2) (cont.)

Example of one of the exponents:

τ1,2,1,3 =−α′
1γ1,2,3 +α1γ′1,2,3 +α1α′

1β2,3−α1α′
2β1,3 +α1α′

3β1,2

−α1α′
1β′2,3 +α′

1α2β′1,3−α′
1α3β′1,2 +β1,2β′1,3−β′1,2β1,3

+β2,3

(

α′
1

2

)

−α′
1α′

2β1,3 +α′
1α′

3β1,2 +α1α2β′1,3−α1α2β′1,2

−β′2,3

(

α1

2

)

−α1α′
1α2α3 +α1α′

1α′
2α′

3−α1α′
1α2α′

3

+α1α′
1α′

2α3 +α′
2α3

(

α1

2

)

−α2α′
3

(

α′
1

2

)

−α2α′
3

(

α1

2

)

+α′
2α3

(

α′
1

2

)

−α′
3β1,2 +α2β′1,2.

These polynomials were determined having GAP implement theexpansion and

collection rules. Which was possible asn = 3.
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Computing the nonabelian tensor squareE(3,2)(cont.)

We devise anL = N×A following our pattern from theB(3,3).

Let F6 be the free group of rank 6 and setN3.2 to be
Fn/γ3(Fn) = 〈y1,2,y2,1,y1,3,y3,1,y2,3,y3,2〉 the free nilpotent group of class
two and rank 6. Set

R= 〈[y1,2,y2,1], [y1,3,y3,1], [y2,3,y3,2],

[y1,2,y1,3][y1,2,y3,1], [y1,2,y2,3][y1,2,y3,2], [y1,3,y2,3][y1,3,y3,2],

[y1,2,y1,3][y2,1,y1,3], [y1,2,y2,3][y2,1,y2,3], [y1,2,y2,1][y2,1,y2,1],

[y1,2,y2,1][y2,1,y1,2], [y1,3,y3,1][y3,1,y1,3], [y2,3,y3,2][y3,2,y2,3],

[y1,2,y3,1]
3, [y1,2,y2,3]

3, [y1,3,y2,3]
3〉.

These relations reflect the relations in the tensor square such as

[g1,g2]⊗ [g2,g3]
3 = 1⊗ and[g1,g2]⊗ [g3,g4] = ([g1,g2]⊗ [g4,g3])

−1.

SetN =N3,2/R andA = Fab
11 .
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Computing the nonabelian tensor squareE(3,2) (cont.)

After showing we had a crossed pairing which is again as messyas what

we have just done. We obtained the following result.

Theorem 4(BKM 1997). The nonabelian tensor square of the free

2-Engel group of rank3 is a direct product of a free abelian group of rank

11and an6-generated nilpotent group of class 2 whose derived subgroup

has exponent 3.

24



Computing the nonabelian tensor squareE(3,2) (cont.)

It was hard to see the structure of the groupL.

We were worried about computing the tensor square not the exterior

square or any other of the homological functors such as∇(G) andH2(G).

It turns out thatL is isomorphic toB(3,2)∧B(3,2)×∇(G).
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Computing the nonabelian tensor square ofE(n,2)

The rankn case was even messier. We followed the same procedure via
expansion, collection, setting up a crossed pairing and wending our way
to an answer – of course guided by calculations ofB(3,n)⊗B(3,n) for
n = 4,5,6.

Theorem 5. The nonabelian tensor square of the free 2-Engel group of

rank n> 2 is a direct product of a free abelian group of rankn(n2+2)
3 and

an n(n−1)-generated nilpotent group of class 2 whose derived subgroup

has exponent 3.

All the details of this calculation is recored in Joanne Redden’s
dissertation (117 pages). The published result Blyth, Morse, Redden is in
the Proceedings of the Edinburgh Mathematical Society (2004) (20
pages).

We were exhausted and the free nilpotent of class 3 and rankn case
looked out of reach.
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The group ν(G)

Rocco (1991) considers the following group. LetG andGϕ be isomorphic

groups viaϕ : g 7→ gϕ, for all g∈ G. Then

ν(G) = 〈G,Gϕ | k[g,hϕ] = [kg,
(

kh
)ϕ

] = kϕ
[g,hϕ],∀g,h,k∈ G〉,

Rocco investigates the structural aspects ofν(G) relative toG:

Theorem 6. Let G be a group.

(i) If G is finite thenν(G) is finite.

(ii) If G is a finite p-group thenν(G) is a finite p-group.

(iii) If G is nilpotent of class c thenν(G) is nilpotent of class at most

c+1.

(iv) If G is solvable of derived length d thenν(G) is solvable of class at

most d+1.
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The group ν(G) (cont)

The groupν(G) actually has its roots in a more general setting of crossed

modules and was investigated for it potential for computingtensor

product and squares by Ellis in Ellis and Leonard (1995).

The importance of this construction is the following:

Theorem 7. Let G be a group. The mapσ : G⊗G→ [G,Gϕ]⊳ν(G)

defined byσ(g⊗h) = [g,hϕ] is an isomorphism.

Ellis and Leonard (1995) give one more structure result.

Theorem 8. Let G be a group. Then

1 −−−−→ [G,Gϕ] −−−−→ ν(G) −−−−→ G×G −−−−→ 1

is a short exact sequence.
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The group ν(G) (cont)

Definition 9. Let G be a group and letG = Gn D · · ·DG1 DG0 = 1 be a

subnormal series forG. LetTi denote a transversal forGi−1 in Gi and let

Gi denote a lift of a generating set forGi/Gi−1 to Ti . Set

Li =







Gi , if Gi/Gi−1 is abelian

Ti , otherwise.

Then define the setLG to be

LG = ∪n
i=1Li .
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The group ν(G) (cont)

The following theorem is by A. McDermott (1998) which extends the

work of Ellis:

Theorem 10. Let G be a group generated by a setG . Then

ν(G) = G∗Gϕ/〈J〉, where J is the normal generating set consisting of the

elements
x[a,bϕ][xa,(xb)ϕ]−1, xϕ

[a,bϕ][xa,(xb)ϕ]−1

for all a,b inG and x inLG.

Let G = 〈G ,R 〉. The theorem shows the defining presentation ofν(G)

can be reduced to 2|G | generators and 2|R |+2|G |2 · |LG|.

This a reasonably small presentation to compute and work with.
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Two algorithms

For both algorithms we

1 Compute a finite presentation forν(G) from someLG. For any finite

group we can chooseGDZ(G)D1 to formLG.

Algorithm One:

2a Find a concrete representation forν(G) (p-quotient algorithm,

nilpotent quotient, solvable quotient, coset enumeration).

3a Compute[G,Gϕ].

Algorithm Two:

2b Compute the kernel of the mappingν(G) → G×G.
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Polycyclic groups

Polycyclic groups are those groups with a finite subnormal series such

that each factor is cyclic.

All polycyclic groups are solvable and have a well developedtheory such

that we can compute effectively with them.

Let G be a polycyclic group with generating setG and polycyclic

generating setG. Then we can setLG = G. Moreover

Theorem 11. Suppose that G is a polycyclic group. Then bothν(G) and

G⊗G are also polycyclic.
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Polycyclic (cont.)

Corollary 12. Let G be a polycyclic group with a polycyclic generating

sequenceg1, . . . ,gk. Then the subgroup[G,Gϕ] of ν(G) is generated by

{[gi ,g
ϕ
i ], [gε

i ,(g
ϕ
j )

δ], [gi ,g
ϕ
j ][g j ,g

ϕ
i ]]} for 1≤ i < j,≤ k,where

ε =







1, if |gi | < ∞

±1 if |gi | = ∞
δ =







1, if |gϕ
j | < ∞

±1 if |gϕ
j | = ∞.
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Observations

All “tensor” computations can be done as commutator calculations.

Lemma 13. The following relations hold inν(G):

(i) [g3,g
ϕ
4 ][g1,g

ϕ
2] =[g3,g4] [g1,g

ϕ
2] and

[gϕ
3 ,g4][g1,g

ϕ
2] =[g3,g4] [g1,g

ϕ
2] for all g1,g2,,g3,g4 ∈ G;

(ii) [gϕ
1,g2,g3] = [g1,g2,g

ϕ
3] = [gϕ

1 ,g2,g
ϕ
3] = [g1,g

ϕ
2 ,g3] = [gϕ

1,gϕ
2 ,g3] =

[g1,g
ϕ
2,gϕ

3 ] for all g1,g2,,g3 ∈ G;

(iii) [g,gϕ] is central inν(G) for all g ∈ G;

(iv) [g1,g
ϕ
2][g2,g

ϕ
1 ] is central inν(G) for all g1,g2 ∈ G;

(v) [g,gϕ] = 1 for all g ∈ G′.

We have nilpotency and solvability bounds onν(G) which can make these

computations easier whenG is nilpotent or solvable.
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Application

Using this theoretical framework, we compute the nonabelian tensor

square of the free nilpotent groups of class 3 and finite rank.

All calculations involve working with the commutators in[G,Gϕ].

The problem involves finding exact structure of[G,Gϕ].

Using crossed pairings, the “simple” free 2-Engel case of rank n took 2

published papers totaling 33 pages plus an 117 page dissertation + 42

pages of supporting materials.

The free nilpotent class 3 rankn will be written up in about 7 published

pages which includes all details.

Details have been written up for the J. of Algebra paper with Russell

Blyth.
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Free nilpotent groups of class 3

Theorem 14. Let G be a free nilpotent group of class3 and rank n. Then

G⊗G∼= N×A where N is nilpotent of class2 with rank n(n−1) and A is

free abelian of rank f(n) where

f (n) = n+2

(

n
3

)

+2

(

n
2

)

+6

(

n
3

)

+3

(

n
4

)

+3

(

n
2

)

= n+5

(

n
2

)

+8

(

n
3

)

+3

(

n
4

)

=
n(3n3 +14n2−3n+10)

24
.

But even this was tedious and difficult using basic commutators.
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The free nilpotent groups of classc and rank n

To tackle the arbitrary class we needed structure theorems for a guide.

Theorem 15. Let G=Nn,c be the free nilpotent group of class c and rank

n > 1. Then

G⊗G∼= Γ(Gab)×G∧G.

The Whitehead quadratic functorΓ(Gab) for a free abelian group of rank

n is Fab
(n+1

2 )
.

Now the covering group ofNn,c isNn,c+1. By the corollary that

Nn,c∧Nn,c is isomorphic to the derived subgroup ofNn,c+1.

Corollary 16. Let G=Nn,c be the free nilpotent group of class c and

rank n> 1. Then

G⊗G∼= N ′
n,c+1×Fab

(n+1
2 )

.
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A general observation

For the free nilpotent groupsJ2(G) is a direct product:

Γ(Gab)×H2(G).

The reason for this is thatG/G′ is free abelian.

Corollary 17. Let G be a group such that G/G′ is free abelian. Then

J2(G) ∼= ∇(G)×H2(G).

Open question ifJ2(G) splits like this exactly when

G⊗G∼= G∧G×∇(G).
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The Derived Subgroups ofNn,c

LetDn,c be the derived subgroup ofNn,c andSn,c the set of simple basic

commutators onn variables of length up toc.

Theorem 18. LetNn,c be the free nilpotent group of class c≥ 1 and rank

n≥ 1. If n = 1 or c = 1 thenNn,c is abelian andDn,c is trivial. If n > 1

and c= 2 thenDn,c is free abelian of rank M(n,2) =
(n

2

)

. If n > 1 and

c > 2 then

Dn,c
∼= Nn×Fab

f ,

where f= |Sn,c\Sn,c−2| and Nn is nilpotent of class⌊c/2⌋.
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The nonabelian tensor square of the free nilpotent group of classc

and rank n

Using a formula counting the number of simple basic commutators shown
by Gaglione and Spellman we obtain our final result.

Theorem 19. Let G=Nn,c be the free nilpotent group of class c and rank

n > 2. Then

G⊗G∼= Nn×Fab
g ,

where

g =

(

n+c−1
c+1

)(

c+
(c+1)(c−1)

n+c−1

)

+

(

n+1
2

)

and Nn, is nilpotent of class⌊c/2⌋ and has a minimal cardinality

generating set with

(n+c−2)!((c+1)n−3n−c+3)+(c−1)!n!
(c−1)!n!

generators.
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Other polycyclic groups

Let G be a torsion free crystallographic group. The groupG is called a

Bieberbach group. It is a group extension of a finite groupP called the

point group by a free abelian groupL of finite rank called the lattice or

translation group.

Hence we have the following short exact sequence.

1 −−−−→ L −−−−→ G −−−−→ P −−−−→ 1

The rank ofL is called the dimension ofG.

If G is the Bieberbach groups with point group the dihedral groupof order

8 and dimension 4. Then

G⊗G∼= G∧G×∇(G) ∼= G′×H2(G)×∇(G)

whereG′ is a Bieberbach group with point groupZ2 of dimension 3.
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Other polycyclic groups (cont.)

The two generatorp-groups that are nilpotent of class exactly 2.

Let G be such a group then it has a polycyclic generating sequence

a,b, [a,b].

The generators forG⊗G are

[a,aϕ], [b,bϕ], [a,bϕ], [a,bϕ][b,aϕ], [a, [a,b]ϕ], [b, [a,b]ϕ].

These generators form an abelian group. These generators are

independent except in the case whena = [a,b] or b = [a,b] in this case we

have[a,aϕ] = [a, [a,b]ϕ] or [b,bϕ] = [b, [a,b]ϕ].
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